A design methodology for low-concentration ratio holographic solar concentrators with one-axis tracking is investigated. This methodology maximizes the energy collected by cascaded holographic gratings and reduces diffracted beam cross talk between gratings. Several types of transmission gratings, optimized to work with single-axis tracking systems, are used in a cascaded configuration to concentrate a large fraction of the useable solar spectrum on the surface of photovoltaic cells. A model is developed that determines the energy yield of the holographic planar concentrator (HPC). Good agreement is found between simulation and measurement of a prototype system. Simulation of an optimized HPC design shows that 80% optical efficiency at 2X geometric concentration ratio is possible. The acceptance angle in the nontracking direction is ±65 deg, and a ±16-deg tracking tolerance is sufficient to maintain 80% of the maximum optical efficiency. Simulation also shows that the single-axis tracking HPC system has a 43.8% increase in energy yield compared to a nontracking holographic solar concentrator. C 2011 Society of Photo-Optical Instrumentation Engineers (SPIE).
Introduction
Currently, a great deal of effort is being placed on flat-panel modules that are fully populated with photovoltaic (PV) cells and also on high-concentration ratio systems with 100-1000X concentration ratios. Flat-panel modules can accept light over a 180-deg acceptance angle and are typically used at a fixed angle relative to the position of the sun. However, it has been shown that the energy yield of flat-panel systems can be improved by a significant factor (15-40%) with single-axis tracking. [1] [2] [3] [4] This becomes beneficial especially for higher cost highefficiency crystalline silicon cells. High-concentration photovoltaic (CPV) systems require twoaxis tracking because of the relatively narrow acceptance angle dictated by the brightness theorem or power conservation principles. 5 The higher cost of the tracking system can be offset by the higher power that can be extracted from multijunction PV cells.
Another operating domain is low (2X) to medium (50X) concentration ratio concentrator systems. There are several motivations for this group of systems. First, higher output power and energy yields are possible from the same area because higher efficiency cells can be used. This is an important consideration when deployment areas are limited, as in residential and commercial rooftop applications. The cost of the system can be lower than conventional flat-panel systems by minimizing the use of expensive PV converters. Finally, the tracking and PV cell cooling requirements are less complex than high-concentration ratio systems that can potentially provide system cost and reliability benefits.
For incident light in the yz plane (ϕ = 0 deg, -90 < θ < 90 deg), the wavelength for peak diffraction efficiency is highly dependent on the incident angle. 8, 10, 11 This effect reduces the acceptance angle of the HPC in the yz plane. For light with incident vectors in the xz plane (ϕ = 0 deg, -90 < θ < 90 deg), the change of peak wavelength is much less dependent on the incident angle. Therefore, the acceptance angle of the HPC in the xz plane is much larger than in the yz direction. In this paper, the ϕ = 0 deg direction defines the in-plane direction, and ϕ = 90 deg direction specifies the out-of-plane direction. These directions will be aligned with the sun's daily and seasonal movements for optimal energy collection.
The diffracted spectrum of the hologram can be customized for different bandgap PV materials, such as silicon, GaAs, CIGS, and CdTe. However, the typical spectral bandwidth of a single hologram (<300 nm FWHM) is not sufficient to collect the available energy in the solar spectrum. In the case of silicon solar cells, which utilize solar radiation between 400 and 1100 nm wavelength, at least two holograms are required to capture a significant amount of the energy in this spectral range. There are limitations in using more than two holograms in a stack, 8 which are reviewed in Sec. 4. It has been previously shown that for a static HPC with two cascaded holograms, 47% of the usable incident solar energy can be diffracted and collected by the PV cell. 8 However, it is difficult to achieve full-spectrum concentration and still maintain coverage over the large range of solar incident angles.
By following the large daily movement of the sun, a single-axis tracking system significantly changes the design and increases the energy yield of the PV system. Because holograms are more sensitive to in-plane incident angle changes, tracking in this direction can significantly improve performance. Tracking is not necessary in the out-of-plane direction because the diffraction efficiency of the grating has a much broader angular acceptance range. Using this single-axis tracking configuration, there are more degrees of freedom in optimizing collection of the solar spectrum with minimal cross talk between gratings, as shown in Sec. 4.
System Analysis
The basic algorithm to determine the solar illumination reaching the surface of the PV cell in an HPC module and converted into electrical power consists of the following:
1. performing a ray trace through the hologram aperture and optical substrate 2. computing Fresnel losses at the optical interfaces 3. computing the diffraction efficiency of the ray at the particular angle of incidence and wavelength and weight the ray with this value 4. integrating the weighted ray efficiencies for all rays that intercept the PV cell surface for the combined air mass and PV cell responsivity spectrum
The integrated weighted ray efficiency is then normalized to the integrated available solar energy without optical loss. This parameter provides an estimate of the efficiency of the holographic collection system. A detailed description of this process was presented in Ref. 8 . A summary of the main elements of this model are provided in Secs. 3.1-3.5.
Diffraction Efficiency Model
The diffraction efficiency of the holographic grating is calculated with Kogelnik's coupled wave theory. 11 The coupled wave theory is an analytical method that gives close approximation to experimental results.
At wavelength λ, the grating vector K is
where θ c and θ ref are construction and reference beam zenith angles in the grating medium, ϕ c and ϕ ref are construction and reference beam azimuth angles in the grating medium relative to the grating surface normal, and n is the mean refractive index of the grating medium.
For an incident beam with propagation vector,
with λ being the incident wavelength, and θ and ϕ are the incident zenith angle and azimuth angle, respectively. The corresponding diffraction efficiency is given by
where
For nontracking HPC systems, the fringe direction ( Fig. 1) is aligned along the east-west direction for better daily energy collection. For a single-axis tracking HPC system, the fringe direction is aligned in a north-south direction because the HPC surface is tracked toward the east-west movement of the sun during the day.
Optical System Model
The geometric concentration ratio of the system is given by
where A o and A PV are respectively the area of the concentrator and PV receiver in the unit cell ( Fig. 1) . D H is the width of hologram and D PV is the width of the PV cell. Power generation from direct illumination on the PV cell at time t on day number d n is given by
where θ (t, d n ) and ϕ(t, d n ) are the incident zenith and azimuth angles in air as a function of time of day t and day number d n . T is the transmission of substrate-air interfaces for randomly polarized light, A PV is the PV cell area, SR is the spectral responsivity of a particular PV cell [ Fig. 2(a) ], E AM15D is the direct and circumsolar component of the solar irradiance incident on the PV cell surface [ Fig. 2(b) ]. The parameter F o-e = FF -V oc , with FF as the fill factor and V oc as the open-circuit voltage. The fill factor is defined as FF = P max /I sc V oc . P max is the maximum electrical power operating point and I sc is the short-circuit current. Power generated by light diffracted from a hologram adjacent to a PV cell and intercepting the surface of the cell at time t on day number d n is calculated by
where θ (t, d n ) and ϕ (t, d n ) are the incident zenith and azimuth angles in the grating medium, A H is the hologram area, and DE is the spectral and angular-dependent diffraction efficiency. The power concentration factor (PCF) is defined as follows:
the optical efficiency is
The optical concentration ratio on the PV cell is calculated with
The acceptance angle of the concentrator is defined as the angle at which the optical efficiency η o (θ ,ϕ) drops to 90% of the maximum value. The acceptance angle of the HPC module is asymmetric and will be shown to have a much larger out-of-plane acceptance angle than inplane angular range.
The ray-trace portion of the model is performed using the nonsequential feature of the ZEMAX simulation program. This allows both the angle of incidence and the spectrum to be varied as required for solar illumination. Kogelnik's coupled wave calculation for the diffraction efficiency is computed for each incident ray angle and wavelength through a dynamic link library file coupled to the ZEMAX ray trace.
Solar Illumination Modeling
The solar declination angle δ is a function of day number d n , and in our model is assumed to remain constant over the course of a day, The solar zenith angle θ ZS and azimuth angle ψ Z ( Fig. 3) are functions of the declination angle and are given by
where φ is the geographic latitude, positive for north hemisphere and negative for south hemisphere, ω is the true solar time,
in which t is the local standard time, AO is the local time difference relative to the start of the local time zone, LL is the local longitude, and LH is the local reference longitude with respect to the Greenwich Meridian. An ideal one-axis tracking system maintains the optimum angle towards the sun by rotating around a north-south axis tilted at an angle α. The angle β t is defined as the tracker rotation angle relative to the tracker position at solar noon,
The tracking axis tilt angle α is selected to be equal to the latitude angle for polar one-axis tracking, and zero for horizontal N-S one-axis tracking.
The direct normal irradiance E DNI received by a surface perpendicular to a ray directly from the sun is estimated by
where the air mass is AM = 1/cos θ ZS . Ideal dual-axis trackers can constantly maintain the panel surface orthogonal to direct rays from the sun. The single-axis tracking panel lacks one degree of freedom and does not receive 
Annual Energy Yield Calculation
In Sec. 3.2, the incident zenith angle θ and azimuth angle ϕ are relative to the module surface normal and hologram fringe orientation (Fig. 1) . They can be derived from tracking angle, module tilt angle, and the solar zenith and azimuth angles [see the Appendix, Eqs. (23) and (24)]. The solar zenith and azimuth angles are functions of time of day t and day number d n , which can be calculated according to Eqs. (11) and (12) . The incident zenith angle θ and azimuth angle ϕ relative to the module surface normal can be expressed as θ (t, d n ) and ϕ(t, d n ). The corresponding angles θ (t, d n ) and ϕ (t, d n )in the grating medium are calculated with Snell's law.
At a given day with day number d n , the daily energy yield is
where E(λ,t,d n ) is the renormalized AM 1.5 spectral irradiance giving an integrated irradiance level calculated according to Eq. (16). The time of day t includes hours with zenith angles θ > 0 deg. D f is the derating factor considering non-uniform illumination on the PV cell, which is defined as the ratio of fill factors under nonuniform irradiance and uniform irradiance,
The annual energy yield of the system is obtained by summation of the daily energy yield for 365 days of the year
Experimental Validation of Optical Simulation
In order to validate the modeling, holograms were fabricated in dichromated gelatin (DCG) with collimated beams with incident angles of 22 and 70 deg in air relative to the hologram surface normal and a construction wavelength of 532 nm. The grating thickness was ∼3 μm, and the effective index modulation was 0.09. The diffraction efficiency was indirectly measured by evaluating the transmittance of the hologram at different angles of incidence. Fresnel reflection losses at the interfaces were also taken into account. The measured diffraction efficiency for this grating is shown in Fig. 4(a) with the simulated DE in good agreement. This hologram was used in combination with a silicon PV cell with D H = D PV to form an HPC unit cell. An experimental measurement of the optical efficiency of the HPC unit cell was determined by illuminating the combination with an AM 1.5 filtered Xenon arc source and measuring the short-circuit current generated by the PV cell as a function of incident angle. The short-circuit current generated by the HPC unit cell (I PV + I H ) was divided by the output for an ideal 2X concentrator (i.e., 2I PV ). The result is shown in Fig. 4(b) , which indicates that the optical efficiency for the in-plane angle of incidence remains above 60% over an angular range of 25 deg with a peak optical efficiency near 70%. The peak occurs at the in-plane angle of incidence near 10 deg relative to the hologram normal. The peak corresponds to the best match to the diffracted solar spectrum with the PV cell spectral responsivity and ray overlap on the PV cell surface. The peak is predicted by the simulation, and there is a relatively good agreement over the 0-25 deg incident angle range.
Design Criteria and Methodology
Multiple holographic elements are required to diffract incident solar illumination over broad angular and spectral bandwidth. The resulting holographic system must maximize the combined diffraction efficiency of the combination and requires careful consideration of cross-coupling between grating elements. In Secs. 4.1 and 4.2, a design methodology for accomplishing these objectives are described and applied to the one-axis tracking HPC system.
Holographic System Design
Diffraction efficiency and diffraction angle depend on both the angle and wavelength of incident light. A two-dimensional diffraction efficiency (2-D DE) plot showing the DE as a function of wavelength for different angles of incidence is a helpful tool to verify the effectiveness of a holographic planar concentrator. Figure 5(b) shows the diffraction efficiency in the yz plane (in plane) as a function of wavelength and in-plane incident angle.
In a conventional concentrator, the acceptance angle is defined as the angular range over which the optical efficiency is above a specified threshold value.
14 For a fixed PV panel tilted at the latitude angle and facing due south, the acceptance angle should be approximately ±23 deg to allow for the seasonal variations in the position of the sun. For maximum energy collection with this system, the diffraction efficiency should remain high over an incident angle range of ±23 deg and wavelength range from 400 to 1100 nm. However, as illustrated in Fig. 5(b) , a single hologram can efficiently collect incident light over an angular range of only 0-20 deg. This range is labeled "incident range" in Fig. 5(b) . The incident light within 0-20 deg is diffracted to a larger angle, as shown in Fig. 5(a) , (A→A , B→B ). Diffracted rays can reach the PV cell either by direct diffraction (B ) or after multiple total internal reflections (A ). TIR occurs when the diffraction angles exceed the critical angle. On a 2-D DE plot, the incident range indicates the possible range of in-plane angles of incidence with significant diffraction efficiency. The "diffraction range" is the corresponding diffraction-angle range for rays in the incident range. For example, ray A with a 700-nm wavelength and incident angle of 10 deg [ Fig. 5(a) ] is diffracted by the hologram to 45 deg in the medium. Ray B with 1100 nm wavelength and normal incidence is diffracted to a 50-deg angle [ Fig. 5(a) ]. Because the diffraction process is reciprocal, the incident range and diffraction range are interchanged at large angles of incidence. The diffraction properties with out-of-plane incident angles can also be computed and are shown in Fig. 6(a) . The change in peak diffraction wavelength was only ∼100 nm when the incident angles are varied over ±60 deg relative to normal incidence.
The hologram diffraction efficiency is less sensitive to the out-of-plane angles of incidence (ϕ = 90 deg) than the in-plane case. As a result, the out-of-plane acceptance angle is much broader than the in-plane.
Overlap of diffraction efficiency from cascaded gratings in the incident range usually does not introduce cross-coupling losses. However, overlapping grating diffraction efficiency in the diffraction range does imply cross-coupling. Cross-coupling results when the diffraction angle of the first grating matches the diffraction angle of the second grating. In this case, the second grating diffracts this ray at a small angle that does not reach the PV cell surface [ Fig. 7(a) ]. This results in a loss in module output power. For an HPC with fixed seasonal tilt angle, two holograms can capture most of the incident solar energy throughout the year. In Fig. 7(b) , the combined diffraction efficiency of the two gratings in the incident range covers almost twice the wavelength range of a single grating. However, overlapping DE in the diffraction range indicates that cross-coupling and corresponding reduced output power.
However, overlapping regions of diffraction efficiency in the incident range, as indicated in Fig. 7(b) , does not imply energy losses. For example, the incident ray B is within both H1's and H2's incident range. It is partly diffracted by both H1 and H2 into rays B and B and reach the PV cell area without energy loss.
The cascaded hologram design can be improved with the configuration shown in Fig. 8 . The two gratings diffract light in different directions and reduce cross-coupling losses. This extends both the incident angle (±20 deg) and spectral range for the system.
One-Axis Tracking Holographic Planar Concentrator Design
For nontracking HPC systems, the acceptance angle must be relatively large to cover daily and seasonal movements of the sun. For a single-axis tracking HPC, this requirement is significantly reduced because another degree of freedom is available to maximize energy collection.
In the nontracking HPC system shown Fig. 9(a) , the out-of-plane direction (hologram fringe direction in Fig. 9 ) aligns with the daily motion of the sun. However, for the single-axis tracking HPC system in Fig. 9(b) , the tracker follows the sun's daily movement and the out-of-plane direction is aligned with the seasonal solar movement. A design of a single-axis tracking HPC system using three cascaded gratings is shown in Fig. 10 . The hologram-to-PV-area ratio (A H /A PV ) is selected to be 1:1, which implies half the module's PV area is replaced by holographic gratings. This configuration has a 2X geometrical concentration.
The height ratio H is defined as the height of the module versus the PV cell width (H = h/D PV ). At a fixed hologram-to-PV-cell width ratio of 1:1, the parameter H will influence the optimum grating diffraction angles. If the module is too thin (H < 0.5), then diffracted rays must undergo several total internal reflections to reach the PV cell and increase cross-coupling losses. The result of our simulation shows that an optimum height ratio for a three-grating HPC with
Numerical optimization can be used to reduce cross-coupling between gratings that results as an overlap of diffraction efficiency in the diffraction range. However, a small overlap between the diffraction efficiency of G1 and G3 (Fig. 11 ) is difficult to avoid because these gratings diffract light in the same direction (Fig. 10) . This reduces the optical efficiency by ∼5% in the wavelength range from 400 to 600 nm, as shown in Fig. 12 .
An ideal single N-S axis tracker follows the daily movement of the sun and maintains the in-plane incident angle at θ = 0 deg. The angular bandwidth in the out-of-plane direction is sufficient to cover the seasonal angle variation of the sun throughout the year. The diffraction efficiency of G1-G3 are optimized for maximum diffraction efficiency with θ = 0 deg to Table 1 . (1) Overlaps of diffraction efficiency in the "diffraction range" indicate cross-coupling losses. (2) Diffraction efficiency overlaps in "incident range" do not imply losses.
improve capture of the sun's illumination spectrum when the tracker maintains the HPC surface directed toward the sun. The tracking error decreases the optical efficiency of the HPC module, as described in Sec. 5.
Characterisitcs of One-Axis Holographic Solar Concentrator

Spectral Optical Efficiency and Tracking Tolerance
When illuminated on axis, a holographic stack can diffract over a large spectral range corresponding to the spectral response range of many types of PV cells. The spectral performance of the hologram primarily depends on the in-plane angle of incidence. At ±6 deg from the hologram surface normal along the in-plane axis, the overall optical efficiency is 90% of the value at normal incidence. At an in-plane incident angle of ±16.5 deg, the one-axis tracking HPC system still has 80% of the maximum optical efficiency (Fig. 13) .
Current one-axis tracking systems can maintain 0.5-deg tracking accuracy using a sensor and feedback system. 15 The one-axis tracked HPC modules have a ±6-deg tracking tolerance. The nontracking acceptance angle of 65 deg is more than sufficient to accommodate the ±23-deg seasonal variation in the sun angle. The larger tolerance and acceptance angle allows much simpler and less costly one-axis tracking systems to be used. (Fig. 1) . 
Irradiance Nonuniformity
Nonuniform illumination on the PV cell surface can lead to increased series resistance, resulting in decreased fill factor and PV cell efficiency. It has been shown that small irradiance variations have a negligible effect on solar cell efficiency. [8] [9] [10] [11] [12] [13] [14] The effect of irradiance variation on the PV cell performance was investigated using nonsequential ray tracing from the hologram aperture to the PV cell surface, as described in Sec. 3.2. It was found that variation in the x direction (along the fringe planes of the hologram) vary much less than in the y direction. Therefore, the variation in irradiance along the x direction was averaged and is plotted as a function of the relative position in the y direction along the cell surface. This was performed for several in-plane angles of incidence. The results for 0 deg (normal incidence) and 55 deg relative to the normal are shown in Fig. 14 and indicate that the irradiance varies by ∼20% over the cell surface. Using this result in Eq. (18) gives a fill-factor derating factor D f > 98%. Therefore, irradiance nonuniformity results in a relatively small change in HPC performance.
Annual Energy Yield Comparison
The performance of six different PV systems under direct normal radiation is compared in terms of daily and annual energy yield per unit module area. The efficiency of PV cells used in all systems is 20% and assumed to be constant over the operating irradiance and temperature range.
Two fixed-tilt modules are simulated, a fully PV-cell-populated module and a nontracking HPC module with 1:1 hologram-to-PV-cell area ratio. The nontracking HPC modules follow the same design as in Ref. 8 , which incorporated two hologram layers and achieves an average of 70% optical efficiency. Both fixed modules are installed facing due south at a tilt angle equal to the latitude. The single-axis tracking HPC design in Table 1 and a fully populated PV counterpart are modeled with horizontal and polar one-axis tracking. The horizontal one-axis tracker rotates around a horizontal N-S axis, and the polar one-axis tracker rotates about an axis inclined at the latitude angle in the N-S direction (Fig. 15) . All single-axis trackers are considered ideal. An optical efficiency of 95% is assumed for the nonholographic systems. The optical efficiencies of three HPC systems are simulated with the method described in previous sections. Table 2 .
The power generation rate throughout the year is evaluated at 3-min intervals. The daily and annual energy yield is derived by numerical integration of the power generation rate for the corresponding amount of time. The daily energy yield for all six systems is compared in Fig. 16 , and the annual energy yield is summarized in Table 2 .
The result shows that the one-axis polar axis tracking HPC system can provide 84.2% of the energy yield provided by a one-axis polar tracking fully populated module. In addition, polar one-axis tracking HPC systems produces 43.8% more energy annually compared to nontracking HPCs due to higher overall module optical efficiency and higher levels of irradiance available to tracking surfaces.
Conclusion
A method to design and analyze holographic solar concentrators with single-axis tracking is demonstrated. By using three cascaded optimized holographic diffraction gratings, a broad spectrum (400-1100 nm) can be concentrated onto a PV cell surface. A comprehensive optical system simulation method was developed for single-axis tracking HPC systems. The diffraction efficiency and optical efficiency was measured for an experimental holographic grating formed in dichromated gelatin, and the results are in good agreement with the optical system simulation.
Simulation of an optimized one-axis tracking HPC design showed that 80% optical efficiency at 2X geometric concentration ratio can be achieved with good irradiance uniformity (<20%). The acceptance angle for an optimum HPC configuration is ±65 deg in the nontracking direction and ±6 deg in the tracking direction. An error of ±16 deg in the tracking direction is sufficient to maintain 80% of the maximum optical efficiency.
Daily and annual energy yield is modeled for HPC modules and fully PV-cell-populated modules, with different tracking modes, such as fixed tilt nontracking, horizontal N-S one-axis tracking and polar one-axis tracking. Results of polar one-axis tracking HPC indicate 43.8% increase in annual energy yield per unit area over nontracking HPCs. 
Appendix: Derivatiion of Equations
The single-axis tracking module rotates around a tilted axis in the xz plane (Fig. 17) . The tilt angle α is the angle between the rotation axis and the x-axis. The rotation angle β t is the angle change of the module surface normal n relative to its position at solar noon. The tracking module normal vector is 
The direction vector of the sun n S is represented with the solar azimuth angle θ ZS and zenith angles ψ Z relative to the ground surface normal,
and n e is the unit vector for the direction corresponding to ϕ = 0 deg relative to the module 
The zenith angle θ and azimuth angle ϕ relative to the module can be calculated as follows:
ϕ = cos −1 ( n e · n t ) , n t = n S − ( n · n S ) n.
